Introduction
This paper is devoted to the presentation of a hierarchy of models for the modeling of certain classes of plasmas. Our focus will be on the ionospheric plasma. However, the methodology can be applied to other classes of plasmas as well. In this presentation, our starting point will be the 2-fluids Euler-Maxwell system for a 2-species plasma consisting of electrons and ions. We put this system in dimensionless form by a suitable choice of scaling units. Our choice of units is relevant for the modelling of the ionosheric plasma over regions of the order of a hundred kilometers and time scales of the order of ten minutes to an hour. By this scaling, a collection of dimensionless parameters appears, showing various orders of magnitude.
The goal of this paper is to present the various models that can be obtained by letting some of these parameters tend to 0. Not all parameters are equally small and some ordering in the various limits that can be taken naturally appears. This leads to a hierarchy of models. This hierarchy is depicted on figure 1.
As far as the state of the ionosphere is concerned, we shall be interested in two kinds of situations. First, a standard situation in which the ionization is produced by the natural phenomena (namely the ionization by the solar ultraviolet radiation) and which produces plasma densities of the order of 10 12 m −3 at an altitude of about 300 km. Second, an 'abnormal' situation in which the ionization is larger (say e.g. 10 15 m −3 at the same altitude) and which can only be artificially produced (for instance by a thermonuclear explosion). For these two situations, two different hierarchies of models are suitable.
Our first task is to reduce the Euler-Maxwell system to the Hall-MHD system by passing to the limit in two of the parameters (namely the electron to ion mass ratio and the ratio of the ion sound speed to the speed of light). This Hall-MHD model includes the effects of ion-neutral, electron-neutral, ion-electron collisions, the electron pressure and the Hall term.
Then, two hierarchies of models can be derived, respectively referred to as the Dynamo hierarchy and the MHD hierarchy (see figure 1) . The Dynamo hierarchy is suitable for the standard ionospheric situation, while the MHD hierarchy is better suited to the 'abnormal' large density situation. They essentially differ in the order in which successive limits of small parameters are taken. Two parameters play a major role in this problem: the first one, κ, is the ratio of the collision frequency against neutrals to the cyclotron frequency in the earth magnetic field ; the second one, β, measures the strength of the self-consistent magnetic field perturbation induced by the dynamics of the plasma relative to the earth magnetic field. A third one, τ plays also an important role, and is small when the characteristic time scales of interest are large compared with the mean collision time against neutrals. The Dynamo hierarchy is obtained when the limit β → 0 is taken first (i.e. the plasma is not dense enough to produce a significant self-consistent magnetic field) while the MHD hierarchy develops when the limit κ → 0 is taken first (which is the case if the density of the plasma is large). However, the limit β → 0 leads to simpler models if it is preceded by the limit τ → 0. This is why the Dynamo hierarchy will consist of the successive limits τ → 0, β → 0 and κ → 0, while the MHD hierarchy is obtained through κ → 0, τ → 0 and β → 0 (see figure 1) .
In the Dynamo hierarchy, the most widely used model is the Dynamo model (obtained after τ → 0 and β → 0). In this model, the magnetic field reduces to the earth magnetic field, and the electric field is irrotational. The resulting electric potential is the solution of an elliptic equation deduced from the current conservation equation. It is coupled with the usual density and (massless) momentum equations.
In the MHD hierarchy on the other hand, a new (to the authors' knowledge) model is found (after letting κ → 0 and τ → 0). It is referred to as the Massless-MHD model. This model reduces to a coupled system of convection-diffusion for the plasma density and the magnetic field. Its investigation and application to ionospheric plasma modeling will be developed in future work.
The terminal models of both hierarchies are the same, and is the so-called Stri-ation model (see figure 1) . This model is a reduction of the dynamo model in which the electric field is forced to be orthogonal to the magnetic field, thus giving rise to a 2-dimensional elliptic equation. This equation is still coupled with the 3D density and (massless) momentum equations. The Striation model has been extensively used in the physics literature (see discussion of the bibliography below) because the reduction to a 2-dimensional elliptic equation generates a considerable increase of computational efficiency. Although, some of the models derived in this work are well-known from the literature, our presentation allows to clarify their common features and interrelations. We think useful to display the successive approximations made when passing from one model to its closest reduction. The heuristic approach, often used in the literature, does not provide enough control to the process of model reduction and some inconsistencies may appear in the reduced models (terms of a certain order being kept while others of the same order being dropped). In contrast, asymptotic theory provides a powerful and rigorous tool which garantees that the final model is free of any such inconsistency. For ionospheric modelling, this is all the more important that the physics is quite complex and the number of dimensionless parameters which monitor the various effects is large.
The reader can find an introduction to plasma physics in 9,17 and more specifically to ionospheric physics in 22 . The dynamo effect in the ionosphere was first discussed in 8,1 , after its discovery by Balfour Stewart 28 . Various forms of the dynamo and striation models have been considered and used in the ionospheric physics literature. These models have been principally aimed at explaining the occurence of plasma irregularities which are observed at various latitudes and altitudes (such as the irregularities of the equatorial electrojet or the 'spread F') 24, 31, 6 . Recent numerical simulations can be found in 16, 30 . A review about the physics of ionospheric irregularities can be found in 12, 13 . Simulations of Baryum release experiments in the ionosphere have also been conducted using this model 11 . The irregularities are caused by various instability mechanisms, among which the gradient-drift instability 26, 19 . The dynamo model has been used as the basic tool to investigate these instabilities 23, 29 . Turbulence models have been derived to incorporate the effects of these instabilities on the large-scale properties of the plasma 25 . In forthcoming works, we shall develop numerical simulations of the dynamo model in a non uniform magnetic field 2 and apply instability theory to the derivation of a turbulent dynamo model 3 . A mathematically rigorous instability theory for the nonlinear 2D dynamo model will be developped in 4 . A presentation of MHD equations can be found in 18 and, in the space plasma context, in 20 . Considerable progress has been made recently on the theory and numerics of the ideal MHD equations (see e.g. 5,7,21,15, . . . ). Fewer works are devoted to the Hall-MHD and Massless-MHD models and the other models which are discussed in the course of this paper.
Mathematically, most of the asymptotic convergences which are discussed in the present paper have not yet received any theoretical justification. The quasineutral limit of the Euler-Poisson system has been considered in 10 and 27 . The quasineutral limit of drift-diffusion Poisson systems, in 14 . In the present work, we restrict to isentropic or isothermal models: the energy equation is ignored and the electron and ion pressures are prescribed functions of the density. A full treatment of the energy equation is deferred to future work. Other further developments of the present work will involve, among others, the inclusion of several ion species, the computations of higher order terms in the expansion in powers of the collision frequency (to investigate some finite conductivity effects) and the coupling with the dynamics of the neutrals.
The paper is organized as follows: in section 2, our starting model, the 2-fluids isothermal or isentropic Euler-Maxwell model is stated and appropriately scaled and the relevant dimensionless parameters are introduced. Then, in section 3, the Hall-MHD limit of the Euler-Maxwell model is taken. In section 4, the MHD hierarchy is explored, while in section 5, the Dynamo hierarchy is established. Finally, the terminal model of both hierarchies, the Striation model, is developped in section 6.
The 2-fluids Euler-Maxwell System and its Scaling
In our ionosphere model, we consider only three species of particles: electrons, one ion species and one species of neutral molecules. The ions are supposed singly charged. The charged species are assumed so dilute that they have no influence on the dynamics of the neutrals. Therefore, the velocity of neutrals u n (x, t) (also called the neutral wind) is supposed known.
Our starting point is the 2-fluids isothermal or isentropic Euler-Maxwell system for the electrons and ions. We denote by n e (x, t), n i (x, t), the electron and ion densities, u e (x, t), u i (x, t), their velocities, p e , p i , their pressures, E(x, t), B(x, t), the electric and magnetic fields, ρ(x, t) and j(x, t), the charge density and current. These are functions of a three-dimensional position vector x ∈ R 3 and of the time t > 0. Additionally, we introduce m e , m i , the electron and ion masses, e, the elementary charge, ε 0 and µ 0 , the vacuum permittivity and permeability, c = (ε 0 µ 0 ) −1/2 the speed of light, which are given physical constants. We shall also introduce the electron-neutral and ion-neutral collision frequencies ν e , ν i . Collisions between electrons and ions will be modeled by a rate constant K. The data ν e , ν i and K may be functions of (x, t), in a way which will not be further detailed. The 2-fluids isothermal or isentropic Euler-Maxwell system is written:
∂n e ∂t + ∇ · (n e u e ) = 0 , (2.1) ∂ ∂t (m e n e u e ) + ∇ · (m e n e u e u e ) + ∇p e (n e ) = −en e (E + u e × B)
Eqs. (2.1) and (2.3) are the mass balance for the electrons and ions respectively, while eqs. (2.2) and (2.4) are the momentum balance equations. We replace the energy equations by the assumptions that the electron and ion pressures are local functions of the electron and ion densities respectively p e = p e (n e ), p i = p i (n i ) (through an isothermal or adiabatic assumption). Eqs. (2.5) to (2.8) are the Maxwell system and (2.9), (2.10), the definitions of the charge and current densities. Throughout this paper, products of vectors will denote tensor products. It is a well-known fact that (2.7) and (2.8) are redundant with (2.5) and (2.6), as soon as they are satisfied by the initial conditions. However, we keep them in the system because this redundancy may be lost in some asymptotic limits.
In order to study various limiting regimes of this system, we introduce scaling units. Let us define dimensionless variables and unknowns according to table 1 below. By this choice of scaling units, we make some hypotheses. The first one is
Quantity
Scaling unit Scaled quantity Value Timet
Densityn n e,i = n e,i /n
e-n collision frequencyν e ν e = ν e /ν e 10 2 s
Current densityj = enūκ j = j/j 10 −9 | 10 −6 Am −2 that the electron and ion velocities are of the same order of magnitude and are such that both species travel the unit of length during a unit of time. In this sense, these are macroscopic velocities. The second one is that both species have densities of the same orders of magnitude. As we shall see, we are aiming at quasineutral regimes, in which the two densities are always locally equal. The third one is that the pressures or equivalently, the temperatures of the two species are of the same order of magnitude as well. Therefore, we are close to a local thermodynamical equilibrium, in which the two temperatures would be equal. Finally, the order of magnitude of the electric field is that of the field induced by the flow of plasma accross the unit magnetic field. We therefore assume that the inductive electric field dominates over the electromagnetic field. This will lead us to a regime in which the displacement current is negligible.
On table 1, we indicate typical orders of magnitude of these scaling units for ionospheric modeling. We are looking for evolutions of plasmas blobs over regions of typical size of a hundred of kilometers, over time scales between ten minutes to an hour. Ionospheric data correspond to an altitude of about 300 km, and follow from reference 22 . However, ionospheric data show a large variability in space and time, and these values should only be considered as rough estimates. Two density scales are considered. The first one (10 12 m −3 ) is a typical density for a normal state of the ionosphere, while the second one (10 15 m −3 ) can only occur if an artificial disturbance (for instance via a thermonuclear explosion) is produced. The pressure scale corresponds to ion and electron temperatures of the order of 1000 K, typical at these altitudes. Note that the velocity scale (10 2 ms −1 ) is of about the same order of magnitude as the ion thermal velocity (∼ 10 3 ms −1 ) if the ion mass is estimated as 10
4 m e . The magnetic field scale is that of the geomagnetic field. As for the collision frequencies, we use the fact that the electron-neutral and ion-neutral collision frequencies roughly scale like the reciprocal of the masses. The current scale is smaller than enū by a factor κ = m en u e /eB = m in u i /eB because electrons and ions tend to drift at the same speed accross the magnetic field. A measure of their relative speed is µ PĒ where µ P is the Pedersen mobility, given by 20 µ P = κ/B. Therefore, the typical value of the current isj ∼ enµ PĒ = κenū, which is the scale chosen in table 1.
After scaling the equations, there remain seven dimensionless parameters, which can be combined in a variety of ways. We choose to express them in the way described in table 2 below. The meaning of the parameters is the following: κ is the number of electron-neutral (or ion-neutral) collisions relative to a rotation period of an electron in the unit of B field. Similarly, κ ei is a measure of the strength of electron-ion collisions. Finally, as indicated, β measures the relative strength of the induced B field to the unit B field. We note that the typical magnetic field induced by a current intensity enūx 2 at a distancex is equal toB ind = µ 0 enūx. Therefore, κ ei =Kn/eB ind is the number of electron-ion collision per rotation period in the typical induced magnetic field. Since both electron-ion collisions and the induced magnetic field scale linearly with the density, the resulting parameter is indepen-
Dimensionless parameter
Meaning Value Casesn =:
Electron to ion mass ratio 10
Mean-time between i-n collisions 10
Measure of the thermal energy 10
Number of e-n (or i-n) collisions 10
per rotation period inB-field
Measure of the e-i 10 relative to magnetic energy Table 2 . Dimensionless parameters dent ofn, which would not have been the case ifB would have been used instead ofB ind . In plasma physics, it is most customary to introduce the plasma frequencies, cylotron frequencies and Debye lengths as natural scales (see e.g. 20, 9, 17 ). Of course, relations between these scales and the dimensionless parameters listed in table 2 are easily found (left to the reader). In the subsequent analysis, it will prove more efficient to consider the latter.
With this choice of units and dimensionless parameters, the scaled 2-fluids isothermal or isentropic Euler-Maxwell system is written (we now drop the primes for the scaled variables):
(n e u e ) + ∇ · (n e u e u e ) + η∇p e (n e ) = −κ −1 n e (E + u e × B)
−ν e n e (u e − u n ) − κ ei β κ 2 Kn e n i (u e − u i ) , (2.12)
As seen on table 2, a number of dimensionless parameters are either of order unity, or small or very small. The goal of this work is to review the reduced models obtained by letting them tend to zero in various orders. Some of these models are already known and have actually been used for a long time but other models appears to be new (at least to the authors' knowledge). It seems also useful to review and synthetize how these models are derived and even more importantly, how their are interconnected and how the hierarchy between these models establishes.
The Hall-MHD Limit of the Two-Fluids Euler-Maxwell System
The Hall-MHD limit corresponds to the simultaneous ε → 0 and α → 0 limits, while keeping the other six parameters finite, and β and τ −1 bounded away from zero. For this, we have the following: Proposition 3.1. The formal limit ε → 0 and α → 0 of the 2-fluids Euler-Maxwell system (2.11)-(2.20), with the other parameters kept finite is the Hall-MHD system (H-MHD) (with isothermal or isentropic pressure law): 27) where n = lim n e = lim n i , u = lim u i and p(n) = p i (n) + p e (n).
Proof: With α → 0 and β bounded away from 0 in (2.17) (2.19), we deduce that n i and n e converge to the same limit n (quasineutrality). Similarly, in (2.15), Ampere's law reduces to (3.24) . The ion density conservation equation (2.13) yields (3.21).
The electron momentum conservation equation (2.12), in the limit ε → 0, gives (3.23). Summing up the ion and electron momentum conservation equations (2.14), (2.12) (in the limit ε → 0) leads to (3.22 
Therefore, inserting this expression into (3.25) leads to the following form of the Hall-MHD system:
together with the divergence constraint (3.26). We have used ν = ν e + ν i . The two terms at the r.h.s. of the momentum balance eq. (3.29) are the friction terms due to electron-neutral and ion-neutral collisions. As expected, there is no contribution of the electron-ion collisions to the total momentum balance. The first term at the r.h.s. of the Faraday eq. (3.30) is a diffusion term due to electron-ion collisions. Indeed, by relaxing the electron and ion velocities towards each other, electron-ion collisions reduce the current, which, through Ampere's equation (3.24), acts as a diffusion effect onto the magnetic field. The second term at the r.h.s. of (3.30) is the Hall term. It represents the electric field generated by the current flowing accross the magnetic field lines. The last two terms are the contributions of electron-neutral and ion-neutral collisions. They correspond to the electric field generated by the drag of electrons and ions by the neutrals through the magnetic field lines. We note that there is no contribution of the pressure gradient to (3.30) because ∇ × (∇p e (n)/n) = 0. This special property is a consequence of the adiabaticity assumption and would be lost with a more general equation-of-state.
Among the dimensionless parameters appearing in the Hall-MHD system, κ and β tend to zero faster than the other ones (see table 2 ). However, κ tends to zero faster than β in the large density case, while the reverse situation holds for the low density case. We shall therefore investigate the two strategies: making κ → 0 first or making β → 0 first. This leads to two hierarchies of models. The first one will be called the MHD hierarchy and the second one, the Dynamo hierarchy (see figure  1) .
In this sequence of asymptotic limits, we shall also make τ → 0. Although according to table 2 the parameter τ does not look so small, taking the limit τ → 0 notably simplifies the models. Another justification is that we possibly underestimated the ion-neutral collision frequency and that we may wish to follow the evolution of the plasma on larger time scales than just 10 3 s. Therefore, taking the limit τ → 0 is also legitimate. We first consider the MHD hierarchy and investigate successively the limits κ → 0 and τ → 0.
The MHD Hierarchy: κ, τ → 0
The goal of this section is to investigate the successive limits κ → 0 and τ → 0 in the Hall-MHD system (3.21)-(3.27). As already stated, this sequence of approximations is valid for large density perturbations of the ionospheric plasma.
The limit κ → 0: the Finite Conductivity MHD model
The following proposition establishes the limit κ → 0 of the Hall-MHD system (3.21)-(3.27). 
36)
with ν = ν e + ν i .
The proof of this formal proposition is obvious. The finite-conductivity term is the third term at the l.h.s. of (4.33). If κ ei 1, this term can be neglected and the resulting model is the widely-used Ideal MHD model, with a momentum relaxation term added at the right-hand side of (4.32). The FC-MHD model can be expressed in the more conventional form:
together with the constraint (4.36). This model is widely used in physical modeling (see references in the introduction). However, for the purpose of ionospheric plasma modeling, it can be further simplified by taking the limit τ → 0. This is done in the next section. Again, the proof of this formal proposition is obvious. The electric field E, the velocity u and the current j can be eliminated from system (4.40)-(4.45) and give rise to a system of two equations for the density and the magnetic field. Indeed, from (4.41) and (4.43), we deduce: 46) and from (4.42), we obtain:
Then, inserting (4.46) into (4.40) and (4.47) into (4.44) leads to:
This is a system of convection-diffusion equations for n and B. Up to the knowledge of the authors, it is new. Its study will be the subject of future work. For any vector j, we denote:
which respectively are the projection of j onto B and orthogonal to B. For further usage, we note the following identities:
By contrast, there is no such local relation between j and E and B but only the differential one (4.43). To prove (4.50), we compute, using (4.42) and (4.43):
Therefore,
which, using (4.46), gives (4.50). For (4.51), we have, using (4.41)-(4.43):
which yields (4.51). We also note that, because of (4.42), In section 4, we have derived the Massless MHD (M-MHD), which is valid for large density perturbations of the ionospheric plasma, through the MHD hierarchy. In this section, we investigate a second hierarchy of models, the Dynamo hierarchy (see figure 1) , which is valid for normal ionospheric plasma situations at an altitude of about 300 km. In this situation, the parameter β tends to zero much faster than κ. However, as already discussed at the end of section 3, we shall first take the limit τ → 0. We start again from the Hall-MHD model (3.21)-(3.27).
The limit τ → 0: Massless Hall-MHD model
We have the following 
Again, the proof of this formal proposition is obvious. It is more convenient to restitute the symmetry between the electrons and the ions by taking the sum of (5.54) and (5.55) and writing:
We also have restituted the index i for the ion velocity. We now explore the β → 0 limit.
The limit β → 0: Dynamo model
In the limit β → 0, the magnetic field B converges to a solution of the system:
i.e. B is a given external magnetic field, which will be supposed independent of t for simplicity. In the context of ionospheric modeling, B is the earth magnetic field and is actually independent of t. Then, the following proposition is (formally) obvious:
Proposition 5.2. When β → 0, the MH-MHD model (5.60)-(5.66) formally converges towards the Dynamo model: 73) where B is a time-independent, external magnetic field, a solution of (5.67).
Eqs. (5.70)-(5.72) can be equivalently written as an elliptic equation for the electric potential. Indeed, (5.69), (5.70) can be written:
This system can be resolved in:
76)
where the mobility matrices M i and M e are expressed in a basis in which the last basis vector is parallel to and directed along the magnetic field. From (5.72) we deduce that
and from (5.71), that
It is clear that the conductivity matrix n(M i + M e ) is positive definite (provided that ν i or ν e is positive and finite). Therefore, (5.80) is a 3-dimensional elliptic equation for V . We also note the following relation, which is obtained by taking the difference of (5.69) and (5.70):
(5.81)
The Striation Model
The ultimate step in our model hierarchy is the so-called Striation model. It involves the combination of a 2-dimensional problem for the computation of the electric potential with a three-dimensional transport problem. It can be obtained as 
where B is a given solution of (5.67) and where we recall that ν = ν e + ν i and p(n) = p e (n) + p i (n).
Proof: The (formal) proof is rather obvious. Just note that eq. (6.85) is what is left from Ampere's equation (4.43) when β → 0. That E is irrotational (6.86) follows from Faraday's eq. (4.44) and the assumption that B is independent of t.
Exploiting the fact that ∇ × B = 0 in the limit β → 0, (4.50), (4.51) and (4.52) lead to the following relations involving u, j ⊥ and E:
87) The passage from the Dynamo model to the Striation model involves a dimension reduction (from 3 to 2) of the elliptic problem to be solved for finding E, as we shall see below. This reduction of complexity is extremely useful for practical computations. The Striation model has been used to model the striations of the ionosphere under the E × B drift instability (see references in the introdution).
Once E is known, eqs. (6.82), (6.87) combine into a convection-diffusion equation for n. We now show that the other equations combine to form an elliptic equation for the electric field E. We first suppose that B is uniform and directed in the x 3 direction and write B = |B|x 3 wherex 3 is a unit vector. We suppose that (x 1 ,x 2 ,x 3 ) form a direct orthogonal basis. We note x ⊥ = (x 1 , x 2 ) and ∇ ⊥ = (∂ x1 , ∂ x2 )
T . For any vector j = (j 1 , j 2 , j 3 ), we define j ⊥ = (j 1 , j 2 ). We consider a problem posed on the full space R 3 and assume that the current j vanishes at infinity.
Proposition 6.3. We suppose that B is uniform and that j vanishes at infinity. Then, E satisfies:
where V = V (x 1 , x 2 ) is independent of x 3 and is a solution of the following elliptic system:
91)
Before proving this result, we make a few remarks. The Striation model couples a three-dimensional convection diffusion equation (6.82)-(6.87) for the density n with a 2-dimensional elliptic equation for the electric potential V . The coefficients of the elliptic equation (6.91), (6.92 ) are integrals of the density n over the third position coordinate, i.e. along the magnetic field lines. The coefficient σ/|B| 2 is refered to in the physics literature as the 'field-integrated Pedersen conductivity' (because nν/|B| 2 itself is the local Pedersen conductivity). The fact that the elliptic problem is 2-dimensional implies considerable time savings for numerical simulations.
If a bounded domain is considered and the j 3 component of the current vanishes at the boundary, eq. (6.91) remains valid. If j 3 does not vanish at the boundary, a contribution of these boundary values must be added to (6.91), as can be seen from the proof below. However, in ionospheric modeling, the boundary is generally taken inside the neutral atmosphere and the boundary values of j 3 consequently vanish.
In the physics literature, this model is often refered to as the Multi-Layer Striation model, because the x 3 coordinate is discretized into a finite number of layers. The special case of a single layer is obtained when u n is orthogonal to B and all data and unknowns are independent of x 3 . Additionally, the pressure is often supposed negligible (hence η = 0). Then, the Mono-Layer, Pressureless Striation model is written:
where now, all variables and vectors are 2-dimensional (except B itself). A mathematical analysis of this model can be found in 4 .
Proof of proposition 6.3: From (6.86), the electric field derives from a potential V (x) and with (6.89), we have ∂ x3 V = 0, hence V = V (x 1 , x 2 ). Now, eq. (6.85) can A model hierarchy for ionospheric plasma modeling 19 be written:
Since j ⊥ is given by (6.88), eq. (6.99) must be viewed as an equation for j 3 . This is a first order equation which can be integrated with respect to x 3 from infinity, where the value of j 3 is equal to zero. Since the line {x 3 = Constant} intersects infinity at two points ±∞, eq. (6.99) provides a well-defined solution for j 3 if and only if the following compatibility condition is satisfied:
Then, we define
Clearly, from eq. (6.88), J ⊥ is given by (6.92) and (6.100) gives rise to (6.91 ). This concludes the proof.
We now consider the case of a non-uniform B field. We restrict to the case of an axisymmetric field. More precisely, we let (r, θ, z) a cylindrical coordinate system and suppose that B = (B r (r, z), 0, B z (r, z)) in this coordinate system. In the case of the earth magnetic field, z is the magnetic polar axis and θ is the longitude. Eqs. Therefore, there exist two functions ϕ(r, z) and ψ(r, z) such that
102)
ϕ/r is the θ-component of the vector potential of the magnetic field while ψ is its scalar potential. As functions of x, the triple (θ, ϕ, ψ) forms an orthogonal curvilinear coordinate system. Indeed,
where (r,θ,ẑ) denotes the local orthonormal basis associated with the cylindrical coordinates. From (6.104), we indeed see that (∇θ, ∇ϕ, ∇ψ) forms a direct orthogonal basis. We denote by (θ = ∇θ/|∇θ|,φ = ∇ϕ/|∇ϕ|,ψ = ∇ψ/|∇ψ|), the direct orthonormal basis so-constructed. In this orthogonal system, the metric is given by
and the expressions of the gradient and divergence operators follow:
where the components of the gradient are written in the basis (θ,φ,ψ) and (A θ , A ϕ , A ψ ) denote the components of the vector A in this basis. Now, it is easy to state the extension of proposition 6.3 to the non-uniform B case. The proof follows exactly the same steps as that of proposition 6.3 and is omitted.
Proposition 6.4. We now suppose that B is non-uniform. With the above-defined assumptions and notations, the Striation system (6.82)-(6.83) is written: In this case, the Striation model has the same structure as in the uniform magnetic field case: it couples a 3-dimensional convection-diffusion equation for n (eqs. (6.105), (6.106)) with a 2-dimensional elliptic equation for V (eqs. (6.107), (6.108)). The coefficients of the elliptic system are integrals over the field-line coordinate ψ of various expressions involving the density n (eqs. (6.109)-(6.111) ).
An important difference to note however is that the vector field u ⊥ (where the index ⊥ denotes the projection onto the (θ, ϕ) plane) is no more divergence free, i.e. ∇ ⊥ · u ⊥ = 0 in general. In a uniform magnetic field however, we have ∇ ⊥ · u ⊥ = 0 as can be seen from (6.87). This difference may have important consequences for theoretical and numerical studies.
For the earth magnetic field, B has the expression of a dipole field:
B r = C (r 2 + z 2 ) 5/2 3rz , B z = C (r 2 + z 2 ) 5/2 (2z 2 − r 2 ) .
where the constant C is linked to the dipole moment M by C = (µ 0 /4π)M. Note that C < 0 if the z axis is oriented positively in the South-North direction. The functions ϕ et ψ are then given by ϕ = C (r 2 + z 2 ) 3/2 r 2 , ψ = C (r 2 + z 2 ) 3/2 z .
(6.112)
One must invert this change of variables, i.e. find (r, z) as functions of (ϕ, ψ). For this purpose, notingφ = ϕ/C,ψ = ψ/C, we observe thatφ > 0 andψ is of the same sign as z. Then, introducing ρ = √ r 2 + z 2 , we have
Hence, ρ 2 = r 2 + z 2 = ρ 3φ + ρ 6ψ2 , or . This solution must be numerically computed. From the knowledge of ρ(φ,ψ), we deduce r, z from (6.113), from which we easily compute |B| 2 as well as any other function of x involved in the Striation model (such as ν).
Conclusion
In this paper, we have reviewed a hierarchy of models for ionospheric plasma modelling. This hierarchy starts from the 2-fluids Euler-Maxwell system and ends at the so-called Striation model. Some of the models which appear at the various steps of this hierarchy are well-known from the physics literature, but other ones seem to be new (at least to the authors' knowledge). This is the case of the Massless-MHD model, which couples two convection-diffusion equations for the plasma density and the magnetic field, and which will be investigated in greater detail in future work. Furthermore, our presentation puts the various models in relative perspective one to each other and allows a better understanding of the approximations involved in each of them. In particular, we have exhibited two coherent hierarchies of models, the Dynamo hierarchy, on the one hand, which is well adapted to standard ionospheric situations, and the MHD hierarchy, on the other hand, which is relevant for large density perturbations of the ionosphere (such as those produced by an artificial cause).
